Abstract. We consider the fiber cone of monomial ideals. It is shown that for monomial ideals I ⊂ K[x, y] of height 2, generated by 3 elements, the fiber cone F (I) of I is a hypersurface ring, and that F (I) has positive depth for interesting classes of height 2 monomial ideals I ⊂ K[x, y], which are generated by 4 elements. For these classes of ideals we also show that F (I) is Cohen-Macaulay if and only if the defining ideal J of F (I) is generated by at most 3 elements. In all the cases a minimal set of generators of J is determined.
Introduction
Let I ⊂ S be a graded ideal in the polynomial ring S = K[x 1 , . . . , x n ] over the field K. Let m = (x 1 , . . . , x n ) be the graded maximal ideal of S, and R(I) = j≥0 I j the Rees algebra of I. Then the fiber cone of I is the standard graded K-algebra F (I) = R(I)/mR(I). Let µ(L) denote the minimal number of generators of a graded ideal L ⊂ S. Motivated by the fact that µ(I k ) ≤ µ(I k+1 ) for all k ≥ 1, if depth F (I) > 0, we ask when F (I) have positive depth. In concrete cases this question is hard to answer.
In this paper we focus on monomial ideals I of height 2 in a polynomial with two variables. It turns out that even this case, which is the simplest possible to consider, the problem is pretty hard. For example, depth F (I) = 0 for the ideal I = (x 25 , x 20 y 5 , x 19 y 19 , x 5 y 20 , y 25 ) ⊂ K[x, y]. On the other hand, by checking hundreds of examples, we could not find any monomial ideal I ⊂ K[x, y] of height 2 with µ(I) ≤ 4 and depth F (I) = 0. Thus we expect that depth F (I) > 0, if µ(I) ≤ 4. This is trivially true when µ(I) = 2, in which case F (I) is a polynomial ring. For the case µ(I) = 3, we show that F (I) is a hypersurface ring, and hence is CohenMacaulay. This is the content of Section 2.
For a Noetherian local ring with infinite residue class field, Heinzer and Kim [4, Proposition 5.4] give several equivalent conditions for F (I) being a hypersurface ring, and in [4, Theorem 5.6 ] they provide a sufficient condition for this in terms of a depth condition for the associated graded ring of I. But all these criteria are hard to apply in our concrete case. Our approach in this, and also in the other cases, considered later in this paper, is more straightforward, and is aimed at computing the generators of the defining ideal J of F (I) explicitly. This approach always leads to the problem to find integer solutions to linear inequalities with integer coefficients. Of course, in general, this is a difficult problem, and hence we can present only partial results for the depth problem of the fiber cone of a monomial ideal I ⊂ K[x, y] for height 2 and with 4 generators.
In Section 3 we consider symmetric ideals, that is ideals I ⊂ K[x, y], I = (x c , x b y a , x a y b , y c ) with c > b > a > 0 and gcd(a, b, c) = 1. In [8] it is shown that in this case F (I) is Cohen-Macaulay if and only if b = a + 1, and this is the case if and only if µ(J) ≤ 3. More generally, the Cohen-Macaulayness of F (I) holds for
c ] with 0 < a 1 < a 2 < c, if and only if µ(J) ≤ 3, as was shown by Bresinsky, Schenzel and Vogel [2, Lemma 4] . Here, as before, J denotes the defining ideal of F (I). Note that such rings may be viewed as the coordinate ring of a projective monomial curve. Projective monomial curves have been studied in many papers, see for example [1] , [3] , [9] , [10] and [11] . For the symmetric ideal I, the fiber cone F (I) is the coordinate ring of a projective monomial curve only if a + b = c. Yet, also when a + b = c, it is shown in Corollary 3.4 that F (I) is Cohen-Macaulay, if and only if µ(J) ≤ 3.
In the last section we study the fiber cone of monomial ideals of the form
. It turns out that the fiber cone of this type of ideals is a complete intersection. The different cases to be discussed are treated in Theorem 4.1, Theorem 4.2 and Theorem 4.3, respectively.
We expect that the results regarding the depth of the fiber cone obtained for the monomial ideals considered in this paper hold for all monomial ideals of the form
. In other words, we expect that for any ideal of this type we always have depth F (I) > 0, and that F (I) is Cohen-Macaulay, if and only if the defining ideal J of F (I) is generated by at most 3 elements.
Generalities about the relations of the fiber cone
Let K be a field, S = K[x 1 , . . . , x n ] the polynomial ring in n indeterminates with graded maximal ideal m = (x 1 , . . . , x n ), and I ⊂ S a monomial ideal with minimal set of monomial generators G(I) = {u 1 , . . . , u m }. We denote by R(I) = j≥0 I j the Rees algebra of I and by F (I) = j≥0 I j /mI j the fiber cone of I. Let F (I) ∼ = T /J, where T = K[z 1 , . . . , z m ] is the polynomial ring over K, and J is the kernel of the K-algebra homomorphism T → F (I) defined by z i → u i + mI for i = 1, . . . , m. The relations of F (I) can be obtained from the relations of the Rees ring by reduction modulo m. The Rees ring R(I) of I is a toric standard graded S-algebra. Therefore, the relations belonging to a minimal set of generators of the defining ideal L of R(I) are of the form
, where u and v are monomials in S, satisfying
In addition one has
In particular it follows that J is generated by monomials and homogeneous binomials.
The case when F (I) is a hypersurface
We turn to the special case described in the following Lemma 2.1. Let I ⊂ S be the monomial ideal with G(I) = {u 1 , . . . , u n+1 }, where
Proof. In view of (1) 
where v ′ is a monomial in S, which implies that b i r n+1 ≥ a i s i for i = t + 1, . . . , n. We consider the following three cases:
(i) There exists some j ∈ {t + 1, . . . , n} such that
belongs to L.
(ii) s j < c for all j ∈ {t + 1, . . . , n} and there exist i 1 , . . . , i m ∈ {t + 1, . . . , n} such
belongs to L. In all three cases it follows that z r n+1 n+1 ∈ J, as desired.
Let H be the hyperplane in R n passing through the points a i e i , i = 1, . . . , n, where e 1 , . . . , e n is the standard unit basis of R n . Then
Let H ± be the two open half spaces defined by H. Then
With this notation introduced we now have
Notice that f induces a non-zero element in J if and only if u = 1 or v = 1, and all generators of J are obtained in this way.
We claim: r n+1 > 0. Indeed, assume first that u = 1, then f = n+1 i=t+1 z
i ], and hence F (I) is a domain and J is a prime ideal of height 1. Therefore, J does not contain any monomial generator, and so f = n+1 i=t+1 z
This implies that t = n, so that f = z
Since f is a minimal generator of J and since J is a prime ideal, it follows that f is irreducible. Therefore, the principal ideal (f ) ⊂ J is a prime ideal. Since J is a prime ideal of height 1, this implies that J = (f ).
Next we consider the case that b ∈ H + . In this case we see that u = 1 and v = 1. Then it follows that the generators of J are induced from binomials of the form f = n+1 i=t+1 z
i with r n+1 > 0. This implies that J is generated by monomials of the form z 
n with s i = min{t i,1 , . . . , t i,m }. Then w j = v j w for j = 1, . . . , m and monomials v j in T . We will show that w ∈ J. Then this implies J = (w).
Indeed, since w j ∈ J, there exists a monomial u j ∈ S such that u j z
Claim: r i,j = 0 for all i = t + 1, . . . , n, j = 1, . . . , m. Otherwise, there exist some i ∈ {t + 1, . . . , n} such that r i,j > 0. Without loss of generality, we may assume that r i,j > 0 for i = t + 1, . . . , n. This implies that
Therefore, for any w j ∈ J, there exists a monomial u j ∈ S such that u j z
. This is equivalent to saying that b i ( n k=1 t k,j ) ≤ a i t i,j for any i = 1, . . . , n and j = 1, . . . , m. Now we have
This shows that there exists a monomial u ∈ S such that uz 
Symmetric ideals
In the following, we study in more detail those symmetric ideals I with µ(I) = 4. We fix the following notation. Let 0 < a < b < c be integers with gcd(a, b, c) = 1. Then we define the symmetric ideal I = (x c , x b y a , x a y b , y c ). We let T = K[z 1 , . . . , z 4 ] be the polynomial ring, and let J be the kernel of the canonical map T → F (I) with z i → u i for i = 1, . . . , 4, where . Thus there exist positive integers m and n such that
This implies that br ≥ cm and ar ≥ cn, where r = m + n. Moreover one of the two inequalities must be strict, because in (2) one of the two inequalities must be strict. This implies that z Next we show that if J is generated by monomials, then J must be of the form (i) or (ii). Indeed, let u be any other monomial generator of J which is not of the form given in (ii). Then u = z Case (ii) also can happen for example, when I = (x 10 , x 9 y 2 , x 2 y 9 , y 10 ). In this example, J = (z 2 z 3 , z Finally we show that if the minimal generators of J contain some binomials, then J must be of the form (iii) or (iv). Indeed, by the above discussions, we know that the possible forms of monomial generators and binomial generators are z Next we show that if J is generated by more than three elements, then F (I) is not Cohen-Macaulay. This then shows that F (I) is not Cohen-Macaulay in the cases (ii), (iii) and (iv).
Indeed, suppose that µ(J) = t ≥ 4, and that F (I) is Cohen-Macaulay. Since height J = 2, the generators of J are the maximal minors of a (t − 1) × t-matrix A whose entries are homogeneous polynomials of positive degree, see for example [5, Theorem 1.4.17] . In all four cases one of the generators is z 2 z 3 , which is a maximal minor A. This implies that t ≤ 3, a contradiction.
Finally we show that depth F (I) = 1 in the cases (ii), (iii) and (iv). It is enough to show that depth F (I) > 0 in these three cases. In case (ii), we have J = J 1 ∩ J 2 , where In case (iii), by considering S-pairs, one immediately sees that the elements z 2 z 3 , z . Thus there exist positive integers i and j such that
j} and ≤ be the partial ordering on S with (a) The ideal J is minimally generated as given in one of the following four cases, and each of these cases occur. 
] is a domain, so that depth F (I) > 0, also in this case. 
Proof. The equivalence of (a) and (b) is shown in the above theorems when a+b = c.
In the case that a + b = c, it is shown in [2, Lemma 4] . The equivalence of (b) and (c) also follows form the above theorems.
The fiber cone of
We consider a special class of ideals I ⊂ K[x, y], whose fiber cone is a complete intersection. In this section we assume that we are given positive integers a, b, c, d such that gcd(a, c) = 1, gcd(b, d) = 1 and b ≥ a > c.
First we consider the case bc + ad > 2ab. Thus we have Proof. Notice that u 2 2 = u 1 u 4 , which implies that z 2 2 − z 1 z 4 ∈ J. By the choice of r, we have cr ≥ 2ai + aj and dr ≥ bj + 2bk, where k = r − i − j. Moreover one of the two inequalities must be strict, because in (4) one of the two inequalities must be strict. This implies that z 
